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ABSTRACT

Let u be a probability measure on a locally compact second countable
group G defining a recurrent (but not necessarily Harris) random walk.
Denote by G the space of paths and by B(%) the asymptotic o-algebra.
Let the starting measure be equivalent to the Haar measure and write Q for
the corresponding Markov measure on G*. We prove that
L(G>,B(®), Q) is in a canonical way isomorphic to L®(G/N) where
N is the smallest closed normal subgroup of G such that p(zN) = 1 for
some z € G. The group G/N is either a finite cyclic group with generator
zN or a compact abelian group having the cyclic group {z"N}, ¢z as a
dense subgroup. As a corollary we obtain that the set of all ¢ € LY(G)
such that limy_. o || * 1™ ||1 = O coincides with the kernel of the canonical
mapping of L1(G) onto L' (G/N). In particular, when p is aperiodic, i.e.,
G = N, then the random walk is mixing: limn_. [j¢o * £™||1 = O for every
@ € LY(G) with fap =0.

1. Introduction

We shall consider right random walks on a locally compact second countable
group G. A right random walk on G is a Markov chain with state space G and
transition probability I1(g, A) = u(g~1A) where p is a probability measure on G.
The position of the random walk at time n is a product X,, = YpY7 ---Y,, where Y,
is the initial position and Y3,Y5,... are independent G-valued random variables
distributed according to the law p. Yy is also a random variable, independent of
Y1,Ys,... and distributed according to alaw v. We shall denote by G* = [[>7, G
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the space of paths and by @, the Markov measure on G* determined by u and
v. In the case that v is a point measure §,, we shall write Q. rather than
Qs.. B and B® will stand for the asymptotic (tail) and invariant o-algebras,
respectively. The random walk will be called adapted when there is no proper
closed subgroup H C G with p(H) = 1, irreducible when there is no proper
closed semigroup S C G with u(S) = 1, and aperiodic when it is adapted and
there is no proper closed normal subgroup N C G and no z € G such that
w(zN)=1.
For any Borel subset A C G let

r(A4) = {{wn}3Z, € G®; w, € A for infinitely many n’s}.

The set A is called recurrent if Q.(r(4)) = 1 for all x € G and transient
if Qz(r(A)) = 0 for all z € G. The random walk is called recurrent if every
nonempty open set is recurrent and transient if every compact set is transient.
An adapted random walk is either transient or recurrent {19, Chapter 3.3]. Every
recurrent random walk is irreducible.

A random walk is called recurrent in the sense of Harris (or a Harris ran-
dom walk) if every Borel set of nonzero Haar measure is recurrent. Recurrence
in the sense of Harris implies recurrence but not every recurrent random walk is
Harris. Call a random walk of law u spread out if there exists n = 1,2,... such
that the convolution power u™ is nonsingular with respect to the Haar measure.
A random walk is recurrent in the sense of Harris if and only if it is recurrent
and spread out [19, Theorem 3.9, p. 102}.

The theory of Harris random walks is a special case of the well known theory
of Markov chains recurrent in the sense of Harris [19]. The invariant o-algebra
of a Harris random walk is trivial in the following sense [19, Proposition 2.10, p.
94].

THEOREM 1.1: If the random walk is Harris, then for every A € B either
Q:(A)=0forallz € GorQ.(A)=1forallz € G.

The asymptotic o-algebra of a Harris random walk has a simple description
in terms of a cyclic behavior of the random walk [19, Chapter 6.2]. Let N be
the smallest closed normal subgroup of G such that u(zN) = 1 for some z € G.
It turns out that N is an open subgroup and G/N a finite cyclic group with
generator zN. At each step the random walk proceeds from a coset 2™ N to
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2"t N and returns to every coset periodically with period d, where d is the
order of G/N. The asymptotic o-algebra B(®) is completely described in terms
of sets A; € B@, £ € G/N, where

(1.1) Ae = {{wnl}nlo € G*°; for some k, wy € £(zN)" for all n > k}.
Clearly, the A¢’s are pairwise disjoint and Q,(A¢) is 1 for € £ and 0 otherwise.

THEOREM 1.2: If the random walk is Harris, then for every x € G and every
A € B, Q.(A) is either 0 or 1. Moreover, for every A € B(®) there exists a
subset I C G/N such that Q.(AA ey A¢) = 0 for all z € G where A denotes

the symmetric difference.

Theorems 1.1 and 1.2 fail for random walks that are recurrent but not Harris
(i-e., not spread out). In fact, Theorem 1.1 is false for any random walk (recurrent
or not) which is not spread out [19, Exercise 3.19, p. 105]. Furthermore, one can
produce simple examples of recurrent random walks which admit invariant sets A
such that 0 < @,(A) < 1 for some x € G (see Example 4.1 below). In particular,
both statements of Theorem 1.2 can be violated (note that the 2nd statement
implies the 1st).

Bounded continuous harmonic functions of a recurrent random walk can be
easily seen to be constant. One can use this to obtain the following substitute
for Theorem 1.1 (see also [19, Exercises 4.13, p. 145 and 3.13, p. 59)).

THEOREM 1.3: If the random walk is recurrent, then for every A € B® either

Q:(A) =1 for M-a.e. z € G or Q;(A) = 0 for M\-a.e. t € G, where ) is a Haar
measure of G.

When G/N is countable, N is necessarily open (by the Baire category
theorem). Therefore, when the random walk is recurrent then G/N cannot be
infinite countable. However, it can be uncountable, e.g., when G is the circle
group and p = 4, with g = exp(2nir) and r irrational, or when G = R and
 has zero first order moment and is carried on two points generating a dense

subgroup.
For every ¢ € G/N define a set A¢ € B(*) by
(1.2) Ae = {{wn};:go € G*; lim wyz""N = g}.

Note that when G/N is finite, G/N is discrete and then Formula (1.2) is equiv-
alent to (1.1). We will prove the following substitute for Theorem 1.2.



204 W. JAWORSKI Isr. J. Math.

THEOREM 1.4: If the random walk is recurrent, then for every A € B(®, Q:(A) €
{0,1} for A-a.e. = € G. The group G/N is either a finite cyclic group or an
uncountable compact abelian group having the cyclic group {z" N }.¢z as a dense
subgroup. For every A € B(®) there exists a Borel subset I C G /N such that
Uger A¢ € B and Q,(AA Uger Ag) =0 for d-a.e. z€G.

It is well known that the structure of the asymptotic o-algebra is related to
the asymptotic behavior of the convolution powers u" (3, 13]. Throughout the
sequel we shall identify L'(G) with the space of complex measures absolutely
continuous with respect to A. Then ||-|; = ||+ || = total variation norm. We shall
denote by L3}(G) C L'(G) the subspace of all ¢ € L}(G) with ¢(G) = 0. Recall
that the random walk is called ergodic if
% Z @ pil =0

i=1

lim
n—o0

for all p € L}(G), and mixing if
lim o *p™||=0
n—oo

for all ¢ € L}(G). Ergodicity (resp., mixing) is equivalent to the condition
that the space L®(G*°, B®, Q,) (resp., L®(G>,B(*),Q,)) consists of constants
only (see, e.g., [3, Théoréme 6]). It is well known that every recurrent random
walk is ergodic (an immediate consequence of Theorem 1.3). The fact that an
aperiodic recurrent random walk is mixing (well known in the Harris case [19,
Proposition 2.4, p. 196]) was recently proven by Lin and Wittmann in their study
of convergence of averages of representations of G [14, Corollary 2.3]. Mixing
follows immediately from our Theorem 1.4 and is a special case of the following
more general result which we obtain along with Theorem 1.4. With 7 denoting
the canonical homomorphism 7: G — G/N we define a subspace L}(G,N) C
LY(G) by

Ly(G,N) ={p € L'(G); ¢(n~'(A)) = 0 for every Borel subset A C G/N}.

Thus L}(G, N) is the kernel of the canonical mapping of L!(G) onto L'(G/N)
and for N = G, L}(G,G) = LX(G).
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THEOREM 1.5: If the random walk is recurrent, then for every ¢ € L}(G)
lim ||p* p™|| =0 if and only if p € L}(G, N).
n—00

As shown in Section 4, the description of the asymptotic o-algebra given in
Theorem 1.4, as well as Theorem 1.5, remain valid not only for recurrent random
walks but, more generally, for random walks obeying the following weak 0-1 law:
for every A € B, Q,(A) € {0,1} for M-a.e. x € G. This includes arbitrary
random walks on abelian G. In the abelian case the set

{p € LY(G); lim_|lp*u™|| = 0} = Lg(G, N)

can be also charactersized in terms of the dual group and the Fourier transforms
of pand ¢ [7, 8].

2. Random walks and harmonic functions

Let G be a locally compact second countable (lesc) group. We shall denote by G
the product space G™ = [[>7 G, by X,,: G — G, n = 0,1,..., the canonical
projections, and by B> the product o-algebra B>® = [[>-, B = o(Xo, X1,...),
where B is the o-algebra of Borel subsets of G. A will stand for a Haar measure.

Let p be a probability measure on G and write Q4 for the Markov measure
of the random walk (of law p) started from a point ¢ € G. Given A € B*,
the function G 5 g — Q,4(A) is Borel. When v is a measure on G, the Markov
measure @, of the random walk whose starting measure is v can be expressed as

(2.1) Qu(A) = /G v(dg)Q,(A), Ae B

It is clear that the measure class of @, is completely determined by the measure
class of v, i.e., if v ~ v/ then Q, ~ Q..

The transition probability IT(g, A) = u(g~!A) is invariant with respect to the
action of G on G given by multiplication on the left, i.e., P(gg’, gA) = P(g’, A) for
all g, ¢’ € G and A € B. There is also a natural action of G on the space of paths
G, namely, g{wn}22; = {gwn}52y. (G=,B>) is a Borel G-space. The Markov
measures Qg satisfy Qgq(94) = Q4 (A), 9,9’ € G, A € B™. Hence, when v is
equivalent to the Haar measure A then @, is a quasiinvariant measure on the
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G-space (G*°,B*>). We have a natural G-action on L®(G*,B>,Q,) given by
(9/)(w) = f(97'w)(mod @), g € G, f € L®(G*,B%,Q,). The formula

(22) (B1)@) = [ _Qu(dw)f(w) (mod)

defines an equivariant contraction R: L°(G°, B>, Q) — L*(G).
Let ¥: G — G denote the shift 9{w, }32y = {wn+1}32. ¥ transforms the
Markov measure @, into the Markov measure Q,.,. Le.,

(2.3) (9Q.)(4) = Q971 (4)) = Quau(4), A€ B™.

When v ~ X then 9Q, ~ @, and, hence, the formula 0f = f o9 (mod@»),
f € L®{G*,B*,Q,), defines an injective homomorphism 6 of the x-algebra
L>®(G*,B%>,Q)) into itself. It is clear that ¢ and the G-action commute. We
also note that

(2.4) RO = PR

where P: L*°(G) — L*°(G) is the contraction induced by II (i.e., by p),

(2.5) (P1)(0) = [ Mo, dg)f(g)  (mod)
The asymptotic g-algebra B(“),
(2.6) B® = () o(Xk, Xeg1,---)»
k=0

is invariant under the G-action. Consequently, L>°(G*°, B(%), Q,) is a G-invariant
subalgebra of L>(G*, B, Q,). We shall use the notation L2(u) instead of the
cumbersome L®(G*>, B(¥, Q,).

The map B > A — 971(A) € B® is an automorphism of B(*). Hence,
the homomorphism  restricted to L (x) is an automorphism. In the sequel
we shall consider L(u) as a (G x Z)-space with the (G x Z)-action given by
(9,k)f=g6"f, g€ G, k€Z, feLP(n).

Let H*> denote the space of all sequences h = {h,}5%, where h, € L*(G),
sup,, ||hn|| < 00, and h, = Ph,yq for all n = 0,1,.... H*> equipped with the
norm ||h|| = sup,, ||h.|| is a Banach space. It is also a G-space with the G-action
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gh = g{h.}3%o = {ghn}3%o- Elements of H>® will be referred to as space-time
harmonic functions.
Let f € L(u) and h, = RO~™f. From (2.4) we have that {h,}32, is a space-

time harmonic function. The following basic result is a well known consequence
of the martingale convergence theorem [17].

THEOREM 2.1: The map R: L (u) — H™ defined by Rf = {RO"f}2, is
an equivariant isometric isomorphism of L (u) onto H*. Moreover, for every
h = {h,}2, € H*> the sequence {h, o X}, converges @y-a.e. to R™1h.

The o-algebra B® = {A € B®; 971(A) = A} is called the invariant o-
algebra. We shall write L(u) for L®(G*, B®, Q). L (u) is the fixed point
algebra of the homomorphism 8: L*(G*,B>°,Q,) — L*(G*,B*,Q,) and is
G-invariant since § and the G-action commute.

As follows from (2.4), when f € L{°(p) then PRf = Rf. Fixed points of the
contraction P will be called harmonic functions and H C L*°(G) will denote
the space of harmonic functions.

THEOREM 2.2: R (restricted to L$°(p)) is an equivariant isometric isomorphism
of L°(p) onto H. Moreover, for every h € H the sequence {ho X}, converges
Qax-a.e. to R~1h.

This theorem, similarly as Theorem 2.1, is a consequence of the martingale
convergence theorem [17]. We remark that the space-time harmonic functions
are often introduced as the harmonic functions of the space-time process, i.e.,
the random walk of law p x 61 on G x Z [19]. The space L°(p) is canonically
isomorphic to L&(u x 61).

We end this section by quoting an important result of Derriennic {3, Théoréme
1]. When ¢ is a complex measure, we denote by |||l the total variation norm.
When ¢ is a complex measure on a o-algebra containing B(*) (resp., B(")), we
write ||v||, (resp., ||v||;) for the total variation norm of the restriction of ¢ to B(%)
(resp., B®).

THEOREM 2.3: When o is a complex measure on G then
n

%Zcp*u"

i=1

= [1Qpl}:-

lim |l * 4™ = ||Qolla, lim l
n— 00 n—co
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3. Boundaries

By a G-space (X, A a) we mean a Borel G-space (X,A) with a quasi-
invariant measure . When (X, A,a) and (X', A’',a’) are two such G-spaces
we say that L*°(X, A, @) is G-isomorphic to L>®(X’, 4',a’) if there exists an
equivariant isomorphism of the *-algebra L*°(X, A, a) onto L=°(X’, A',a'). We
define the p-boundary of a random walk of law p as any G-space (X, A, a)
such that L>*(X, A, a) is G-isomorphic to L{°(p). We define the space-time
u-boundary as any (G x Z)-space (X, A, @) such that L®(X, A, a) is (G x Z)-
isomorphic to L°(p). We remark that since @ is equivalent to a finite measure,
the same is true for the quasiinvariant measure a on any boundary or space-time
boundary.

A G-space (X, A, ) is a u-boundary if and only if there exists an equivariant
identity preserving isometry U of L>°(X, A, a) onto the space H of harmonic
functions. A (G x Z)-space (X, .A,a) is a space-time p-boundary if and only if
there exists an identity preserving contraction V: L*(X, A,a) — L*(G) such
that the map L®(X, 4,a) 3 f — {V(e, —n)f}32, is an isometry onto the space
‘H*® of space-time harmonic functions (e is the identity of G) and V(g,0)f = gV f
for g € G and f € L™(X, A,a). (The “if” part of this characterization relies
on the fact that an identity preserving surjective isometry between two abelian
C*-algebras is a *-isomorphism [2, Corollaire on p. 7].)

Clearly, (G=,B%,Q,) is a boundary. (G=,B(®,Q,) is not exactly a space-
time boundary because the shift ¥ is not invertible on G*°. In any case the
spaces (G, B® Q,) and (G, B(%), Q,) are awkward to work with, one reason
being that the o-algebras B®) and B(®) do not separate points. However, the
fact that G is lcsc allows a routine application of the classical Mackey theorem
about pointwise realizations of group actions [15]. This shows that there always
exist boundaries (X, A, a) (resp., space-time boundaries) that are standard, i.e.,
standard in their Borel structure and such that the map G x X 3 (g,z) — gz
(resp., (G X Z) x X > ((g,k),z) — (g,k)z) is Borel. Furthermore, a theorem of
Varadarajan [21, Theorem 3.2] shows that one can even assume X to be compact
metric and the map G x X 3 (g,z) — gz (resp., (G x Z) x X 3 ((g,k),z) —
(g, k)z) to be continuous. Below, by a continuous boundary (resp., space-time
boundary) we mean a boundary (resp., space-time boundary) (X, A,a) such
that X is a lecsc (Hausdorff) space and the G-action (resp., (G x Z)-action) is

continuous as above.
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When o is a o-finite measure on a Borel space (X,.4) we shall identify
L(X, A, a) with the space of complex measures absolutely continuous with re-
spect to a. Then || - ||; = || - || = the total variation norm. When (X, .A) and
(X', A’) are Borel spaces, F: X — X', a Borel map and v a measure on A4, we
shall write Fv for the measure (Fv)(A) = v(F~1(A)), A € A'. In particular,
when (X, A) is a Borel G-space, gv is the measure (gv)(A) = v(g~1A).

Given a space-time p-boundary (X, A, a) we shall denote by D the auto-
morphism 9z = (e,—1)z. We shall write g9~*z rather than (g,k)z, g € G,
k €Z,x € X. When p is a measure on G and p a measure on X, the convolution
i * p is defined by

(1 p)(A) = /G u(dg)olg™4), Ac A

When X is a lcsc space, by the weakx topology on the space M of complex
measures on X we mean the o(M, Cy(X'))-topology, where Cy(X) is the space of
continuous functions vanishing at infinity.

The following proposition establishes basic properties of the continuous space-
time p-boundary. The proof is technical and we relegate it to the Appendix.

ProposiTiON 3.1: Let p be a probability measure on G and (X, A,a) a
continuous space-time p-boundary. Let ® denote an equivariant isomorphism
of L*(X, A, a) onto L3°(u). It follows that there exists a probability measure p
on X such that

(a) px p= Jp,

(b) Ax9"p~a forallnelZ,

(c) (RE™™®f)(g) = fx(ﬁ_”p)(dx)f(gx) (mod ) for all f € L®(X, A,a) and

n=01,...

(d) limn—o0 ll@ * ™| = |l@ * || for every ¢ € LY(G).

Moreover, if @ = {w = {w,}2, € G*; the sequence w,¥~™p converges
weakly* to a point measure}, then € B and Qx(G® — Q) = 0. There
exists a Borel map F: G — X such that FQx ~ «, ®f = f o F for every
f € L®(X, A, a), and 6p(,) = lim,_, wad~™p for every w € Q. Furthermore,
iIfQy € B@ and Qx(G®™ — Q1) = 0 then for a-a.e. x € X there is w € Qy with
wné‘"p — 0, weaklyx.

The Proposition has an obvious analog for the continuous u-boundary.
(Formally, one puts 9 = id and replaces [j¢ * x| by [|(1/n) Yo eyt in
statement (d).)
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Our definitions of the continuous u-boundary and space-time p-boundary, as
well as Proposition 3.1, are directly motivated by the work of Furstenberg [9,
10] to whom the concept of a continuous p-boundary is due. Our continuous
p-boundary corresponds to Furstenberg’s ‘universal p-boundary’ [10] or ‘Poisson
boundary’ [9], although his definition differs from ours and contains some of the
statements of the analog of Proposition 3.1 as defining properties. The continuous
space-time p-boundary will be indispensable for our proof of Theorems 1.4 and
1.5.

4. Weak 0-1 law and the boundaries

We shall say that a random walk on G obeys the 0-1 law if for every £ € G and
every A € B Q,(A) is either 0 or 1. By Theorem 1.2 a Harris random walk
obeys the 0-1 law. When G is abelian, every random walk obeys the 0-1 law as
a consequence of the Hewitt-Savage 0-1 law [12], [16, Chapter VIILI]. However,
not every recurrent random walk obeys the 0-1 law:

Example 4.1: Consider any nonabelian compact connected Lie group G (e.g,
SO(3,R)). It is well known that considered as a discrete group, G is not amenable
and contains a free group on two generators as a subgroup [18, Theorem 3.9, p.
107 and B51, p. 324]. Let D be a countable dense subgroup of G containing a free
group and let u be a probability measure carried on D and such that the support
of p generates D. Then p is adapted and as G is compact p defines a recurrent
random walk on G. Suppose that the 0-1 law holds. Then from (2.1) and (2.3)
with v = 8, we obtain Q,(A) = Q.(A) for all A € B®) and all z € supp u. As
supp p generates D, Q.(A) = Q.(A) for all A € B®) and z € D. Using Theorem
2.3 we then have

1 i 1 i 1 i
x('ﬁgﬂ)_;Zﬂ ;;;(6::—&)*/‘

lim
n—0oco

=0

= lim
n-——+00

i=1

for all z € D. As p is carried on D, this would imply that D is amenable [11,
Theorem 2.4.3], a contradiction since D contains a free group.

We shall say that a random walk obeys the weak 0—1 law if for every A € B(®)
Q:(A) € {0,1} for A\-a.e. x € G. We remark that for a spread out random walk
the 0-1 law and the weak 0-1 law are equivalent. This follows from the fact
that bounded space-time harmonic functions of a spread out random walk are
continuous (apply [19, Proposition 1.6, p. 162] to ( x 6;)-harmonic functions).
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PROPOSITION 4.2: Let (X, A, a) be a continuous space-time p-boundary. The
random walk obeys the weak 0-1 law if and only if the measure p of Proposition
3.1 is a point measure.

Proof: We leave it to the reader to check that the weak 0-1 law is equivalent
to the condition that the contraction R of Equation (2.2) be multiplicative on
L2 (u). Hence, with the notation of Proposition 3.1, the weak 0-1 law is equiv-
alent to the condition that R® be multiplicative. But (R®f)(g) = [ p(dz)f(gz)
(mod M) for all f € L*°(X, A, a). Clearly, if p is a point measure, then R® is
multiplicative. To establish the converse, note that for f € Cp(X) the function
G 3 g — [ p(dx)f(gz) is continuous. Hence, if R® is multiplicative, then the
functional Co(X) 3 f — [ p(dz)f(x) is multiplicative. Thus p must be a point

measure. |

Given a probability measure yu on G we shall denote by H the smallest closed
subgroup with u(H) = 1 and by N the smallest closed normal subgroup of H
such that u(zN) =1 for some z € H.

PROPOSITION 4.3:
(a) If H/N is countable, it is discrete, cyclic and generated by zN.
(b) If H/N is not countable, it is compact abelian and the cyclic group gener-
ated by zN is dense in H/N.
(c) If H coincides with the smallest closed semigroup S such that p(S) = 1,
then H/N is compact.

Proof: The Proposition (which is not difficult to prove) is essentially a reformu-
lation of Proposition 1.6 in [6]. 1

Note that G/N admits a homeomorphism 9: G/N — G/N such that $(gN) =
gzN for every g € G. 9 commutes with the usual G-action on G/N and preserves
the (unique) G-invariant measure class of G/N. By the (G x Z)-action on G/N
we shall mean the action (g,k)r = gd~*z. Note that when G = H then 9 is
simply the translation 9(gN) = (gN)(zN) on the abelian group G/N; 9 acts
either transitively (case (a) of Proposition 4.3) or properly ergodically (case (b)).

For every n = 0,1,... define a map ¥,,: L®(G/N) — L*(G) by (¥,.f)(z) =
fxz"N) = f(0~"(zN)) (mod)). It is clear that given f € L°(G/N), the
sequence {¥,f}22, is a space-time harmonic function. Therefore one can define
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®: L*(G/N) — L (p) by

(4.1) of =R Taf}olo

where R is the isomorphism of Theorem 2.1. It easily follows that ® is a (G x Z)-
equivariant isometry of L*(G/N) into L(u).

We shall say that g € G is a period of H* if for every h = {h,}5%, € H*® we
have h,{zg) = h,(z) (mod A) for every n = 0,1,.... Of course, the periods form
a subgroup of G.

THEOREM 4.4: The following conditions are equivalent for a random walk of law
L
(a) the random walk obeys the weak 0-1 law;
(b} N is contained in the group of periods of H*;
(c) the mapping ® of Equation (4.1) is an equivariant isomorphism of
L=(G/N) onto L ();
(d) G/N is a space-time p-boundary and the probability measure p of Propo-
sition 3.1 can be chosen as p = On;

() limy oo ||¢ * u™|| = 0 for every € LA(G, N).

Proof: {a)=>(b): Let (X,.A,a) be some continuous space-time pu-boundary and
p the probability measure of Proposition 3.1. Then p is a point measure 6, and
by Proposition 3.1(a) gp = 1§p for every g € supp p (here ? is as in Proposition
3.1). Since J commutes with the G action, we conclude that gp = p for all
g € Upw(STST™ U ST™ST) where S; = suppp. But N is the smallest closed
subgroup containing | Joo, (STST " UST " ST) [6, Proposition 1.1]. Therefore gp =
pfor g € N. Using now point (c) of Proposition 3.1 we obtain that if h = {h, }2,
is a space-time harmonic function, then, given g € N, h,(zg) = h,(z) (mod A)
for every n.

(b)=(c): It suffices to show that for every h = {h,}32, € H™ there exists
f € L*(G/N) such that h,(z) = f(zz""N) (mod \) for alln = 0,1,.... But this
follows immediately from property (b) and the definition of space-time harmonic
functions.

(c)=(d): Obvious.

(d)=(a): Obvious by Proposition 4.2.
(d)=(e): Obvious by Proposition 3.1(d).
(e)=>(b): Let v, < A be a sequence of probability measures converging weaklyx
to 8.. Let g € N. Then for every n, v,*8,— v, € L{(G, N). Hence, if (X, A, @) is
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some continuous space-time p-boundary and p the probability measure of Propo-
sition 3.1, then (vn % 64) % p — vy * p = v * gp — v, % p = 0 by Proposition 3.1(d).
Passing to the limit » — oo we obtain gp = p. Proposition 3.1(c) then implies
(b). |

COROLLARY 4.5: If the random walk obeys the weak 0-1 law, then

N = | J (supp p)"(supp )"
n=1

Proof: Let S, = supp ™ = (supp )". It is clear that

G SnSul = D SpST™ C N.
n=1

n=1

Suppose that g € N — U, S,571. Then there is a neighbourhood U of e in
G such that Ug N |J22, SnSn' = 0. If V is a neighbourhood of e such that
V-V C U, then VgS,NVS, =0 foralln =1,2,.... Let v be an absolutely
contimuous probability measure carried on V. Then (v x §;) * u™ is carried on
V¢S, while v x u™ is carried on V' S,. Hence, ||(v % 6,) * p™ — v * pu™|| = 2. Bug
vxby—v € L§(G, N) and we obtain a contradiction with Theorem 4.4(e). |

COROLLARY 4.6: If the random walk obeys the weak 0-1 law, then for every
¢ € LY(G), limp— |l@ * p™|| = 0 if and only if p € L3(G, N).

Proof: Combine Theorems 3.1(d) and 4.4(d), (e). |

Let, for every £ € G/N, A¢ denote the set
AE = {{Wn};.c;o S Goo, ].im wnz_"N = 6} .

Since G/N is 2nd countable, it follows that A € B(®).

COROLLARY 4.7: If the random walk obeys the weak 0-1 law, then for every
A € B there exists a Borel subset I C G/N such that Uger Ac € B@ and

Qr(AAUger 4e) = 0.

Proof: Apply the Borel map F: G*® — G/N of Proposition 3.1. ]
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Remarks: (1) It can be shown that the weak 0-1 law is equivalent to the con-
dition that the random walk on G X Z of law p X 6; satisfy the Choquet-Deny
theorem: bounded continuous harmonic functions are constant on the left cosets
of the smallest closed subgroup H C G xZ with (ux & )(H) = 1. In [5] Derriennic
and Lin showed that under the latter condition G/N is a space-time p-boundary.

(2) Since for a mixing random walk L%°(u) = C1, Theorem 4.4 and Corol-
lary 4.5 contain a recent result of Lin and Wittmann [14, Corollary 2.7(i)]: the

condition G = ;- (supp )" (supp g)~™ is necessary for mixing.

(3) Using one of Derriennic’s 0-2 laws [3] one can show that the 0-1 law is
equivalent to the following restricted 0-1 law: for every x € G and every
A € B® Q. (A) is either 0 or 1 [4, Appendice 2]. Motivated by this result one
may conjecture that the weak 0-1 law is equivalent to the weak restricted 0-1
law: for every A € B®, Q.(A) € {0,1} for M-a.e. z € G. The weak restricted 0-1
law is equivalent to the Choquet—Deny theorem. Using the u-boundary analog
of Proposition 3.1 one can in an obvious way modify the proofs of Proposition
4.2, Theorem 4.4, and Corollaries 4.5-4.7 to obtain the corresponding results for
the weak restricted 0-1 law. In particular, the result of Lin and Wittman [14,
Corollary 2.7(ii)] follows: the condition G = (oo, (supp u)*) (Us, (supp MO
is necessary for ergodicity of the random walk.

5. Recurrent random walks

Using the py-boundary analogs of Propositions 3.1 and 4.2 it is almost trivial to
show that a recurrent random walk obeys the weak restricted 0-1 law. We will
show that it also obeys the weak 0-1 law.

THEOREM 5.1: Every recurrent random walk on a Icsc group obeys the weak
0-1 law.

Proof: Let (X,.A,a) be a continuous space-time p-boundary. Note that since
a is quasiinvariant, supp « is a closed G-invariant set. Hence, replacing X' by
supp a we can assume that a(U) # 0 for every nonempty open subset of X'

We shall use the notation of Proposition 3.1. We claim that there exists an
a-conull Borel set Xy C X such that for every = € Xj there is a sequence {ni}$2,
of positive integers such that @""*p converges weakly* to 6.

Let {Ux}32, be a decreasing neighbourhood base at e € G and let Q; =
Nieo 7(Uk). Since the random walk is recurrent, Q»(G* — Q) = 0. Using the
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last statement of Proposition 3.1 there exists a conull Borel set Xy C & such that
for every z € X there is w = {wn}22, € Q; with wnﬁ“"p — &, weakly*. Since
w € £, there is a subsequence {wy,, }32, with wn, € Uy, ie., limy_own, = e.
Using the fact that for every f € Co(X) the map G 3 g — gf is continuous with
respect to the sup norm, we conclude that 19“"’¢p — 8, weaklyx. Thus X has
the desired property.

We now claim that N is contained in the stabilizer of every point z € Aj.
Indeed, if @“"*p — 6, then 19'3‘“*,0 — 63, because Jdisa homeomorphism. On
the other hand, we have 99~ p = §~"Jp = p * 9="*p by Proposition 3.1(a)
and the fact that 9 and the G-action commute. So 04, = u*6;. Hence, gz = dz
for all ¢ € suppu = S;. Since ¥ commutes with the G-action we conclude that
gr = z for every g € Up,(STST™ UST™ST). As N is the closed subgroup
generated by |J°2 | (STST™ U S{"ST) [6, Proposition 1.1] we obtain the desired
result.

Note that X' = {z € X; Nz = {z}} is a closed subset of X. As a(U) # 0 for
every nonempty open set and a(X — X’) = 0, we conclude that X = A”. Hence,
it follows from Proposition 3.1(c) that N is contained in the group of periods of
H>. If so, the proof is complete by Theorem 4.4(b). |

We recall that every recurrent random walk is irreducible. Hence, Theorem
1.4 follows from Theorem 5.1, Proposition 4.3, and Corollary 4.7. Theorem 1.5
follows from Corollary 4.6 and Theorem 5.1.
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Appendix: A proof of Proposition 3.1

LEMMA A.1: Let G be a lesc group and f an element of L™(G) such that
limg_,. ||gf — fll = 0. Then f is left uniformly continuous (i.e., it is an equivalence
class of a left uniformly continuous function).

Proof: Let {V,,}22, be a decreasing neighbourhood base at e and let ¢, € L}(G)
be a probability measure carried on V,,. Define

fa(@) = (en * (@) = / enldg) f(9712).
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Then f, is a bounded left uniformly continuous function. Qur assumption implies
that for a given € > 0 there exists N > 1 such that ||gf — f|| < ¢/2 whenever
n> N and g € V,,. Hence, for n > N and o € L*(G), we have

o ta= 1) =| [ atda) [ entda)(s6712) - £(a)
< [lal(ez) [ en@g)ise™o) - 5@ < a2

Thus ||f. — f|| < €/2, and we conclude that ||f, — fm|| < € wheftever n,m > N.
Since the f,’s are bounded left uniformly continuous functions, this means that

the sequence f,, converges uniformly to a bounded left uniformly continuous
function f,. On the other hand, f,, converges to f in L>™(G). Hence, f is left

uniformly continuous as claimed. |

Proof of Proposition 3.1: We remark that for a given f € Cp(X) the map
G 3 g — gf is continuous with respect to the sup norm on Cp(X). Since this
norm majorizes the L>®(X, A, a) norm and the maps RO~™: L(u) — L*(G)
are contractions, Lemma A.l implies that for every n, R™"®f € L*°(G) can
be identified with a unique continuous function. Hence, we can define a linear
functional p,, on Co(X) by setting p,f = (RO~"®f)(e). Clearly, ||pn|| < 1. By
the Riesz representation theorem there is then a unique finite measure p, on X
such that pnf = [ pn(dz)f(z) for all f € Co(X). Using the equivariance of RO~™
and @ it is easy to see that (RO~"®f)(g) = [ pn(dx)f(gz) for all f € Co(X) and
all g € G. Since for every f € Cp(X), {RO""®f}52, € H™ and all RO™"®f’s
are continuous, from the uniqueness of p, we conclude that p* p,41 = p,, for all
n=0,1,.... Let§: L®°(X, A,a) » L®(X, A, a) be the automorphism 6f = fod.
Since, RO~™"190 = RO~"®, again by the uniqueness of p,, we obtain @pnﬂ = Pn.
We set p = po. Then px(9~1p) = uxp; = po = p and (a) follows since 9 commutes
with the G-action.

To prove (b) consider the dual map (R®)*: L(G) — L}(X, A, a). As a direct
consequence of ® being an isomorphism we have that ®*Q, ~ «, where v is
a finite measure equivalent to A. On the other hand, @, = R*v. Hence, a ~
(R®)*v. But if f € Co(X) then

(R®)v, f) = (v, R®S) = / v(dg) / p(dz) f(gz) = / (v % p)(d2) f ().

So by the Riesz representation theorem (R®)*v = v*p, and thus a ~ vxp ~ Axp.

Since da ~ a, (b) follows.
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Having established (b) we can define weakly* continuous equivariant contrac-
tions R,: L®(X,A,a) — L®(G) by setting (R, f)(g) = [(d p)(dx)f(gx).
Clearly, R,,f = RO~ "®f whenever f € Co(X). But Co(X) is weakly* dense
in L®(X, A, a) (an easy consequence of Lusin’s theorem [20, Theorem 2.23}).
Hence, (c) is true. Since R®1 = 1 we also conclude that p is a probability
measure.

(d) follows from Theorem 2.3 and the equalities ||Q, |l = ||R*¢|la = ||2*R*¢||
= [I[(R®)" ¢l = llv * oll.

We now proceed to the proof of the convergence to point measure. Note first
that for a given f € Co(X) the sequence

/ (wad~"p)(d2)f (z) = / (97 p)(d) f(wn2)

is convergent for Qy-a.e. w = {wn 32, € G™ because { [(I"p)(dz)f(-z)}2, is
a space-time harmonic function (Theorem 2.1). Weakx convergence of a sequence
{v.}32; of probability measures is equivalent to convergence of the sequence
[ vn(dz)f(z) for every f belonging to a dense subset of Co(X). But Co(X) is
separable because X is second countable. Hence,

Q' = {w € G*; the sequence w, V" p converges weakly* } € B@®

and @ (G — Q') = 0. Moreover, if w € ' and p, = lim,_ wn@_"p, then
by Theorem 2.1 we have [ p,(dz)f(z) = (®f)(w) Qr-a.e. for every f € Co(X).
Since ® is multiplicative, we can conclude that

Jetinn@n = ( [ owi@) ( [ stanio)

Q>x-a.e. for every pair fi, fa € Co(X). Using again the separability of Co(X) we
obtain that

Q"= {w €§Y; the functional Co(X)3 f — / po(dz) f(z) is multiplicative} eB@

and QA(G*°—Q") = 0. Thus for w € 9", p,, is either zero or a point measure. Let
A = {w € Q"; p, = 0}. By the separability of Co(X), A € B{®). We want to show
that Qx(A) = 0. Let B € LL(p) be defined by d3/dQ, = x4 where v is a finite
measure equivalent to A. Since for every f € Co(X), (®f)(w) = [ po(dz)f(z)
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Qx-a.e., we obtain that (3, ®f) = 0 for all f € Cy(X). Using the density of
Co(X) in L*°(X, A, a) and the fact that @ is an isomorphism, we conclude that
B =0, ie., that @,(A) = 0. Thus Q»(A) = 0 and the set

2 = {w € G*°; the sequence wn@'"p converges weakly to a point measure}

=Q"- A

has the properties asserted in Proposition 3.1.

Define now ¢: @ — X by §,,) = limpeo w,,@‘"p = p,. It follows that
for every f € Co(X), f o ¢ is a B{®-measurable function defined on Q. But
from the basic properties of lcsc Hausdorff spaces we have that for every open
U C X there is a sequence f, € Cp(X) converging pointwise to xy. Hence, ¢ is
a B(®)-measurable map of Q into X. Let F be any B(®)-measurable extension of
¢ onto G*. Consider the measure FQ, on X. Let f € Cp(X). Since (®f)(w) =
f(F(w)) Qu-a.e., we obtain [(FQ,)(dz)f(z) = [Q.(dw)f(F(w)) = (Q.,®f) =
(®*Q., f). Hence, FQ, = ®*Q, ~ o and we can define a weakly* continuous
*-homomorphism ®': L®(X, A, a) — L(u) by ®'f = fo F. Clearly, ' f = &f
for all f € Co(X). By the density of Co(X) in L*(X, A4, a), ' = d.

It remains to prove the last statement of the Proposition. Note that 5 =
QN Q; is a Borel subset of the standard Borel space (G, B*). Hence, by [1,
Theorem 3.3.4], F(£),) is an analytic set in X. If so, then by [1, Theorem 3.2.4]
there are Borel sets X}, X5 C X such that X; C F(Qy) C X> and a( X, — X)) = 0.
Our proof will be complete if we show that a(X — A3) = 0. But this follows
directly from the fact that ® is injective. n
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